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We examine angular distribution of the probability of correlated fluorescence photon emission from a linear
chain of identical equidistant two-level atoms. We selectively excite one of the atoms by a resonant laser field.
The atoms are coupled to each other via the dipole-dipole interaction and collective spontaneous emission.
Our attention is focused on the simultaneous observation of correlated pairs of photons. It is found that the
interference between the emitting atoms can result in a highly directional emission of photon pairs. These pairs
of photons posses strong correlations and their emission is highly concentrated into specific detection directions.
We demonstrate the crucial role of the selective coherent excitation in such a geometrical configuration. Shifting
the driving field from an atom located at one end of the chain to the other causes the radiation pattern to flip to the
opposite half of the detection plane. Furthermore, we find that atomic systems in which only an atom situated
at a particular position within the linear chain is driven by a laser field can radiate correlated twin photons in
directions along which the radiation of single photons is significantly reduced. Alternatively, superbunching in
the emitted photon statistics preferentially occurs in directions of negligible or vanishing single photon emission.
The effect of superbunching strengthens as more emitters are added to the chain. Depending on the number of
atoms and the position of the driven atom within the chain, the strongly correlated pairs of photons can be
emitted into well-defined single, two or four directions.
PACS numbers: 37.10.Jk, 42.25.Fx, 42.25.Hz, 42.50.Gy
I. INTRODUCTION
Correlated systems is an area of active research in quantum
optics. Ultracold atoms prove to be a potential candidate for
the development of few-atom atomic chains [1–7]. Correla-
tion functions of the electromagnetic field radiated by atomic
systems are often adopted to determine nonclassical and en-
tangled properties of quantum optical systems [8, 9]. The first-
order correlation functions are used to determine the intensity
and spectral properties of the radiated field [10]. Higher order
correlation functions, in particular, the second-order correla-
tion function is used to determine whether the radiated field is
quantum or classical in nature, or in other words, if two simul-
taneously emitted photons are correlated or anticorrelated.
From its first-ever development [11] to present, the col-
lective behavior of spatially separated atoms coupled to each
other through the vacuum-induced dipole dipole interaction
has been extensively studied [12–14]. Numerous papers dis-
cuss this collective radiation pattern dependent on a specific
spatial geometry [15–23]. The collective behavior of dipole
dipole interacting atoms can also be examined in terms of the
correlation functions.
Recently, we have shown that the collective behavior of a
linear chain of atoms can result in a strong directional emis-
sion of photons into well-defined modes [24]. The strong di-
rectivity has been predicted without the requirement of the
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coupling of the system to some external medium, for exam-
ple, a nano-wave guide or a fibre.
High directivity can be observed in the higher order cor-
relations. For example, Richter analyzed the dependence on
the pumping process of the second-order correlation function
of the field emitted from three atoms and found that the di-
rectionality of the correlations is different for coherent and
incoherent pumping [25, 26].
The normalized second-order correlation function g(2) can
have different values. Photon statistics are determined from
these values. Values of g(2) < 1 refer to as photon anti-
bunching, 1 < g(2) < 2 as bunching, and g(2) > 2 as su-
perbunching. Photon superbunching, the simultaneous detec-
tion of multi photons and antibunching, the emission of single
photons in a regular manner are subjects of widespread atten-
tion [27–43]. Recently, photon antibunching has been tested
at the level of a single atom placed in a cavity [27–32]. Su-
perbunching in resonance fluorescence from two atoms is dis-
cussed in [33]. It is set forth as a tool to study non-classical
effects such as atom-field entanglement [34–37] . Both effects
for non-interacting two-level atoms have been inspected [38].
Interferometric studies of photon superbunching of classical
light have been carried out in [39]. Superbunching for a
squeezed vacuum state is studied in [40].
In this paper, we study the one-time second-order correla-
tion function of fluorescence photons emitted by a linear chain
of identical two-level atoms and detected by a single photo
detector in the far field zone. We assume that only one of the
atoms is driven on resonance with an external laser field. The
atoms are damped by their collective coupling to the common
vacuum electromagnetic field. The angular distribution of the
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2correlation functions is studied for equal spacing between the
atoms. By monitoring the angular distribution of the corre-
lation functions of the emitted photons we can determine the
correlation properties of a particular pair of atoms of a linear
atomic chain. Our primary findings are that for near by placed
atoms, the selective excitation of one of the atoms situated at
either end or mid-way the atomic chain plays a pivotal role
in determining directions of emission of correlated photons.
Single or two specific detection directions (depending on the
number of atoms) along which highly correlated photons are
emitted have been observed when an atom fixed at one end
of the chain is driven. These directions are always found to
be located in the opposite half of the observation plane rela-
tive to the half where the driven atom is present. Interestingly,
exciting the middle atom of the chain by the laser field pro-
duces two or four such prominent directions. This is because
the system divides itself into two constituent sub-chains; the
driven atom is present at one end for one half sub-chain, and
at the opposite end for the other half sub-chain. We also show
that the effect of superbunching can be enhanced by increas-
ing the number of atoms, N in the chain. This enhancement is
not only limited to the increase in the magnitude of the prob-
ability of emission of twin photons but also the detection di-
rections become more and more precise. Intriguing is the fact
that one has to distinguish here if N is an even or odd num-
ber. Adding more atoms to the chain while keeping the inter
atom distance constant diverts the directions of emission of
strongly correlated photons toward the atomic axis. Last but
not the least, we reveal that first order correlation function, a
measure of intensity, holds an influential place in determin-
ing the normalized second order correlation function. In other
words, the normalized intensity-intensity correlation function
has been noticed to contain more information about the emis-
sion of single photons than about the correlated two-photon
emission.
The paper is organized as follows. Sec. II explains our
model system. Two-level atoms are arranged along a line in
the form of a chain. A resonant laser drives one of the atoms.
Photo detection aims at spotting correlated photon pairs. In
Sec. III, we give definitions of the first- and second-order cor-
relation functions in terms of the atomic dipole operators. The
master equation approach for the evaluation of density matrix
elements of the atomic system is outlined. The stationary state
solution of the master equation allows to calculate the inten-
sity of the scattered light and the intensity-intensity correla-
tion function in the steady state realm. Sec. IV discusses the
angular distribution of the correlation functions for different
number of atoms in the chain in detail. Parameter regimes and
values of detection angles have been identified for the obser-
vation of highly correlated photon doublets. The critical effect
of switching the coherent driving field for atoms positioned at
the right or left or at the middle of the chain is illustrated for
different number of atoms. We augment our analytical anal-
ysis by presenting polar plots for the probability patterns of
two photon emission and comparing this correlated two pho-
ton emission diagrams to that of single uncorrelated photons.
The effect of increasing the number of atoms in the chain
on the magnitude and important detection directions for the
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FIG. 1. A chain of identical equidistant atoms. An external laser
field of Rabi frequency Ω drives one of the atoms. The atoms are
coupled to each other through the dipole-dipole interaction and the
collective spontaneous emission resulting from the coupling of the
atoms to a common vacuum field. The emitted fluorescence field
is detected by a single or two photo detectors at distances R1 and
R2 and angles θ1 and θ2 from the atomic line, located in the plane
normal to the plane defined by the polarization of the atomic dipole
moments ~µ · rˆij = 0. Red (blue) blob and inset shows a coherently
driven (non-driven) atom.
observation of superbunched photons have been highlighted.
Sec. V describes the physical meaning of superbunching for
correlated florescence light quanta. Another more meaningful
measurement for two-photon correlations is adopted. Finally,
in Sec. VI a succinct account of the major findings of the paper
is given.
II. MODEL SYSTEM
The system under investigation consists of a set of N iden-
tical two-level atoms. The atoms are equally spaced and are
placed at fixed positions ri along a line such that they form
a linear chain, as shown in Fig. 1. They are supposed to
be in a close spatial proximity to each other such that they
couple to a common three-dimensional vacuum field and in-
teract via the so called vacuum-induced dipole-dipole inter-
action mechanism. An incident continuous wave laser field
(shown in green) with frequency equal to the atomic transi-
tion frequency, ω0 drives one of the atoms in the chain. In
particular, the left-most, or the middle or the right-most atom
is driven at a time. Ω is the Rabi frequency associated with
the laser field and its propagation vector lies perpendicular to
the atomic line. Our aim is to record highly correlated simul-
taneously emitted photon pairs from the light scattered off the
atomic ensemble. For this purpose, two photo detectors lo-
cated at distances R1 and R2, and at polar angles θ1 and θ2,
respectively, in the far-field region detect the scattered light.
Photo detection takes place in a plane orthogonal to the direc-
tion of alignment of atomic dipole moments. The left (red)
3inset shows the internal energy-level structure corresponding
to a laser-driven atom (red blob) in which the atomic transition
is coupled with the laser field while right (blue) inset refers to
any atom which is not being driven (blue blob). |e〉 (|g〉) repre-
sents the excited (ground) state of a bi-level atom. The energy
separation between the excited and the ground states is given
by ~ω0.
III. CORRELATION FUNCTIONS
We focus on correlation properties of the photons emitted
by an atomic system, which in turn, can be used to determine
the correlation properties of the atoms. In order to do this,
we introduce first-order correlation function of the normally
ordered electric field operators associated with the fluores-
cence field emitted by the atoms and detected in the far-field
zone [10, 44]
G(1)(~R, t) =
(
R2
2pik0
)〈
~E(−)(~R, t) · ~E(+)(~R, t)
〉
, (1)
and the normally ordered intensity correlation function
G(2)( ~R1, t1; ~R2, t2) = 〈: I(~R1, t1)I(~R2, t2) :〉
=
(
R1R2
2pik0
)2
〈 ~E(−)(~R1, t1) ~E(−)(~R2, t2)
× ~E(+)(~R2, t2) ~E(+)(~R1, t1)〉, (2)
where ~E(+)( ~E(−)) denotes the positive (negative) frequency
part of the electric field. In the definition of the correlation
function G(1)(~R, t), Eq. (1), we have introduced the factor
(R2/2pik0) so thatG(1)(~R, t)dΩRdt is the probability of find-
ing a photon inside the solid angle dΩR around the direction
~R in the time interval dt.
Assume that the system of radiating atoms is composed of
N equidistant identical two-level atoms. An atom, say the ith
one, is represented by its ground state |gi〉, an excited state
|ei〉, the Bohr atomic transition frequency ω0, the transition
dipole moment ~µ, and its position ~ri along the atomic line. In
the far-field zone of the radiating atoms, the contribution from
the free field can be neglected, and the positive frequency part
of the scattered electric field can be expressed in terms of the
transition dipole moments of the atoms as
~E(+)(~R, t) =
ω20µ
2
4pi0c2
[(Rˆ× µˆ)× Rˆ]
R
N∑
i=1
S−i e
−i(kRˆ·~ri−ω0t),
(3)
where S−i = |gi〉 〈ei| is the atomic lowering operator for the
ith atom, µ = | 〈gi| ~µ |ei〉 | is the magnitude of the atomic
dipole moment, R = |~R|, µˆ is the unit vector in the direc-
tion of the atomic transition dipole moment, and Rˆ is the unit
vector in the direction of observation ~R.
After substituting Eq. (3) into Eqs. (1) and (2), we obtain
G(1)(~R, t) = u(Rˆ) γ
N∑
{i,j}=1
〈S+i (t)S−j (t)〉eik~rij ·Rˆ, (4)
and
G(2)( ~R1, t1; ~R2, t2) = u(Rˆ1)u(Rˆ2) γ
2
N∑
i6=j=1
N∑
l 6=k=1
〈S+i (t1)S+j (t2)S−k (t2)S−l (t1)〉
× exp
[
ik
(
~ril · Rˆ1 + ~rjk · Rˆ2
)]
, (5)
where ~rij = ~ri − ~rj is the spatial distance vector between the
atoms i and j, u(Rˆ) = (3/8pi)[1 − (µˆ · Rˆ)2] is the radiation
pattern of a single atomic dipole, and γ is the decay rate of the
atomic transition.
The evolution of the atomic correlation functions appearing
in Eqs. (4) and (5) is governed by a master equation for the
atomic density operator ρ. Within the Born-Markov and the
rotating wave approximation, the density operator satisfies the
Lehmberg-Agarwal master equation [8, 45]
∂ρ
∂t
=− i
~
[H, ρ]− i
N∑
i 6=j=1
Ωij
[
S+i S
−
j , ρ
]
− 1
2
N∑
i,j=1
γij
(
S+i S
−
j ρ+ ρS
+
i S
−
j − 2S−j ρS+i
)
, (6)
where
H = ~ω0
N∑
i=1
S+i S
−
i +
1
2
~Ω
(
S+l e
−iω0t + S−l e
iω0t
)
, (7)
γij =
3
2
γ
{[
1− (µˆ · rˆij)2
] sin ξij
ξij
+
[
1− 3 (µˆ · rˆij)2
] [cos ξij
ξ2ij
− sin ξij
ξ3ij
]}
, (8)
Ωij =
3
4
γ
{
−
[
1− (µˆ · rˆij)2
] cos ξij
ξij
+
[
1− 3 (µˆ · rˆij)2
] [ sin ξij
ξ2ij
+
cos ξij
ξ3ij
]}
, (9)
in which γ ≡ γii is the spontaneous emission rate for each
individual atom, and
ξij =
2pirij
λ
, rij ≡ |~rij | = |~rj − ~ri|. (10)
The γij terms describe the collective damping which results
from an incoherent exchange of photons between the atoms
i and j, and the Ωij terms describe the collective shift of the
atomic energy levels. The shift results from a coherent ex-
change of photons, the dipole-dipole interaction between the
atoms. The effect of Ωij on the atomic system is the shift of
the energy of the collective states from the single-atom energy
states. We have chosen the laser field with Rabi frequency Ω
to drive only one, the l-th atom of the chain, and to be ex-
actly resonant with the atomic transition frequency. With this
4driving arrangement, an excitation can be transferred between
the atoms through the dipole-dipole interaction and collective
damping of the atoms.
We solve the master equation, Eq. (6) numerically up to
N = 3 atoms and calculate the steady-state values of the cor-
relation functions. We investigate angular distributions of the
correlation functions and analyze their dependence on the way
an atom at a particular position in the chain is excited.
IV. ANGULAR DISTRIBUTIONS OF THE
CORRELATIONS
Let us now demonstrate how one could determine the cor-
relation properties between two atoms of a chain composed
of N ≥ 2 atoms by monitoring the angular distribution of
the correlation functions of the emitted photons. We illustrate
this in detail with examples of atomic chains composed of two
and three atoms and then consider the case of N > 3. We de-
termine the general conditions for the angular distribution of
the correlation functions and its dependence on the number of
atoms and detectors.
A. Atomic chain composed of two atoms
Consider first the simplest case, a chain composed of
only two atoms and calculate the first-order correlation
function of the steady-state radiation field, G(1)(~R) ≡
limt→∞G(1)(~R, t). The correlation function gives us the in-
formation about the probability of emitting single photons in
the direction of detection ~R. It also describes the intensity of
the radiation field emitted in the observation direction ~R. The
general properties of the first order correlation function can be
determined from Eq. (4), which can be written as
G(1)(~R) = u(Rˆ) γ
{〈S+1 S−1 〉+ 〈S+2 S−2 〉
+2 Re[〈S+1 S−2 〉] cos (k r12 cos θ)
+2 Im[〈S+1 S−2 〉] sin (k r12 cos θ)
}
, (11)
where θ is the angle between the interatomic axis and the di-
rection of observation. The expression (11) can be written in
a compact form as
G(1)(~R) = u(Rˆ)γ (I1 + I2)
× [1 + υ12 cos (k r12 cos θ − ψ12)] , (12)
where Ii = 〈S+i S−i 〉 is the intensity of light emitted by atom i,
υ12 =
2|〈S+1 S−2 〉|
〈S+1 S−1 〉+ 〈S+2 S−2 〉
(13)
is the first-order coherence between the atoms 1 and 2, and
ψ12 = arg(〈S+1 S−2 〉). The angle ψ12 depends on the sign of
the real and imaginary parts of 〈S+1 S−2 〉 such that
ψ12 = tan
−1
(
Im〈S+1 S−2 〉
Re〈S+1 S−2 〉
)
, (14)
when Re〈S+1 S−2 〉 > 0, Im〈S+1 S−2 〉 > 0.
ψ12 = pi − tan−1
(
Im〈S+1 S−2 〉
Re〈S+1 S−2 〉
)
, (15)
when Re〈S+1 S−2 〉 < 0, Im〈S+1 S−2 〉 > 0.
ψ12 = − tan−1
(
Im〈S+1 S−2 〉
Re〈S+1 S−2 〉
)
, (16)
when Re〈S+1 S−2 〉 > 0, Im〈S+1 S−2 〉 < 0, and
ψ12 = −pi + tan−1
(
Im〈S+1 S−2 〉
Re〈S+1 S−2 〉
)
, (17)
when Re〈S+1 S−2 〉 < 0, Im〈S+1 S−2 〉 < 0.
Viewing as a function of the detection angle θ, we see that
in general the angular distribution of G(1)(~R) is not spheri-
cally symmetric. The correlation function exhibits an inter-
ference pattern dependent not only on the separation between
the atoms but also on the populations of the atoms and the
coherences between them. In other words, the radiation inten-
sity pattern depends on the way the atoms are excited. When
the atoms are prepared in a state or driven such that the corre-
lation function 〈S+1 S−2 〉 is real the modulation of the angular
distribution depends solely on r12. However, when the corre-
lation function is complex, then not only the distance between
the atoms but also the inter atomic correlation function plays a
crucial role in the angular distribution of the emitted photons.
Thus, the depth of the modulation, determined by the cosine
term, not only depends on the geometry of the system, deter-
mined by r12, but also on the way the atoms are correlated,
which is determined by υ12 and ψ12.
Let us find the values of the detection angle θ at which
G(1)(~R) can be maximal or minimal, corresponding to direc-
tions of a strong focusing or divergence of the emitted pho-
tons, and how these observation angles depend on r12 and
ψ12. Note that directions in which G(1)(~R) is zero or close
to zero correspond to elimination of single photon emission in
those directions. To find these observation angles we evaluate
∂G(1)/∂θ and get
∂G(1)
∂θ
= u(Rˆ)γ (I1 + I2) υ12 k r12
× sin (k r12 cos θ − ψ12) sin θ. (18)
Next,
∂G(1)
∂θ
= 0⇔ sin θ = 0 or sin (k r12 cos θ − ψ12) = 0.
(19)
Hence, the values of θ at which G(1)(~R) is maximal or mini-
mal are
θ = npi or θ = arccos
(
npi + ψ12
k r12
)
, n ∈ {0,±1,±2}.
(20)
5From this it follows that there are two separate criteria for θ
at which maxima and minima of G(1)(~R) could occur. The
criterion θ = npi is independent of the distance between the
atoms and the angle ψ12. Therefore, there always can be ei-
ther maximum or minimum ofG(1)(~R) along the atomic axis.
The second criterion shows that there can be maxima and min-
ima where the angular distribution depends on both, the dis-
tance between the atoms and ψ12. Clearly, if 〈S+1 S−2 〉 has
zero imaginary part then the angular distribution of G(1)(~R)
depends solely on r12. Thus, the interference is not purely
geometrical it also depends on the manner the atoms are cor-
related.
From Eq. (20) it is also seen that maxima and minima may
appear in directions other than the direction of the atomic axis
if
r12/λ ≥ 1
2
|(n+ ψ12/pi)|. (21)
Note that for the pure geometrical case of ψ12 = 0 and
atomic separations r12 < λ/2, the condition for the opti-
mum negative value (that is −1) of the term cos(k r12 cos θ)
necessary to achieve optimal reduction of G(1)(~R) cannot be
achieved for all values of θ. In physical terms, at distances
r12 < λ/2 the atomic dipole moments oscillate in phase re-
sulting in an enhanced emission of photons. However, the
term cos(kr12 cos θ − ψ12) can reach the optimum negative
value for r12 < λ/2, i.e., a nonzero ψ12 can lift the limit.
For example, in the case of ψ12 = −3pi/4 corresponding to
Re〈S+1 S−2 〉 = Im〈S+1 S−2 〉 < 0, and r12 = λ/4, there are
two directions at which cos(kr12 cos θ − ψ12) = −1, namely
θ = pi/6 and θ = 5pi/3. At these two directions G(1)(~R)
can be optimally reduced. It is interesting that a change of the
sign of Im〈S+1 S−2 〉 from negative to positive results in a rota-
tion of those two directions by pi. In physical terms, a nonzero
ψ12 can shift the phase difference between the atomic dipole
moments such that the dipoles could oscillate in an opposite
phase resulting in a reduction or even inhibition of the emis-
sion of photons. The inhibition of the single photon emission
may occur only when υ12 = 1, i.e., when the oscillations of
the atomic dipole moments are perfectly coherent.
Consider now the second-order correlation function
G(2)( ~R1, t1; ~R2, t2). It is not difficult to see from Eq. (20) that
in the case of two atoms the correlation function can exhibit
cosine modulation only if measured by two distinguishable
detectors located at two different geometric points. A simple
calculation gives
G(2)(~R1, ~R2) = u(Rˆ1)u(Rˆ2)γ
2〈S+1 S+2 S−1 S−2 〉
×
{
1 + cos
[
k ~r12 ·
(
Rˆ1 − Rˆ2
)]}
. (22)
It is noted that the second-order correlation function manifests
an interference pattern dependent on the separation between
the two detection positions. The visibility of the interference
pattern is independent of the way the atoms are excited.
However, in the case when the measurement is made
with a single detector or two detectors recording in sync,
G(2)(~R1, ~R2) = G
(2)(~R, ~R) becomes independent of the di-
rection of detection such that there is no interference pattern in
90°
30 °
60 °120 °
150 °
0°180 °
270 °
210 °
300 °
330 °
240 °
500.
700.
900.
HaL
90°
30 °
60 °120 °
150 °
0°180 °
270 °
210 °
300 °
330 °
240 °
500.
700.
900.
HbL
90°
30 °
60 °120 °
150 °
0°180 °
270 °
210 °
300 °
330 °
240 °
7000.
HcL
90°
30 °
60 °120 °
150 °
0°180 °
270 °
210 °
300 °
330 °
240 °
3000.
5000.
7000.
HdL
FIG. 2. Angular distribution of g(2)(~R, ~R) for a chain composed of
two atoms illustrated for two different separations between the atoms
and two different excitation configurations. In frames (a) and (b),
r12 = λ/4, and in frames (c) and (d), r12 = λ/2. Frames (a) and (c)
show angular distributions corresponding to excitation of left side-
atom with a laser field of the Rabi frequency Ω = 0.02γ. Frames (b)
and (d) correspond to excitation of the right-side atom with the same
Rabi frequency.
the second-order sense. Thus, simultaneous emission of two
photons is spherically symmetric. In other words, photons
emitted simultaneously in the same direction do not interfere.
Comparing the properties of G(2)(~R, ~R) with those of
G(1)(~R) we see that two photons can be detected anywhere
despite the fact that one photon can never be detected in cer-
tain directions. This fact that one photon can never be detected
or can be detected but only with a very small probability in
certain directions may result in the superbunching effect such
that the normalized second-order correlation function given
by
g(2)(~R, ~R) =
G(2)(~R, ~R)
G(1)(~R)G(1)(~R)
, (23)
could have very large values in directions at which G(1)(~R) is
very small.
To illustrate this, we consider the angular distribution of
g(2)(~R, ~R), which, with the result (12) takes the form
g(2)(~R, ~R) =
η1212
[1 + υ12 cos (k r12 cos θ − ψ12)]2
, (24)
where
η1212 =
4〈S+1 S+2 S−1 S−2 〉(〈S+1 S−1 〉+ 〈S+2 S−2 〉)2 (25)
6is the second-order coherence between the atoms 1 and 2. It is
vivid that in the case of a large degree of the first order coher-
ence between the atoms (υ12 ≈ 1), the correlation function
g(2)(~R, ~R) can be very large or even infinite for some direc-
tions θ. This indicates that in these directions two photons
are simultaneously emitted with the absence of single photon
emission. Although g(2)(~R, ~R) is mostly regarded as a mea-
sure of photon-photon correlations, it is evident from Eq. (24)
that g(2)(~R, ~R) provides much more information about sin-
gle photon emissions, determined by [G(1)(~R)]2, than about
two-photon correlations, determined by G(2)(~R, ~R). We will
return to this issue later in Sec. V.
Figure 2 shows the angular distribution pattern of
g(2)(~R, ~R) for two fixed separations between the atoms r12 =
λ/4 and r12 = λ/2, and for two different excitation con-
figurations. The shape of the radiation pattern is very sim-
ple. Under excitation of the left-sided atom, the pattern of
g(2)(~R, ~R) shows two pronounced correlation peaks (super-
bunching) spatially concentrated in the right half of the pat-
tern, the half of the pattern in which the undriven atom is lo-
cated. The directions of these peaks point precisely where
G(1)(~R) has optimal minima corresponding to an extremely
small probability of emission of single photons. The magni-
tude and sharpness of the peaks depend on the distance be-
tween the two atoms. For r12 = λ/2 the peaks are more
narrowed, needle shaped, and have magnitudes much larger
than ones for r12 = λ/4. When the laser excitation is turned
on to the right-sided atom, the correlation pattern flips over
the vertical axis or equivalently rotates by pi radians. There-
fore, it is the way the atoms are excited which accounts for the
qualitative change of the patterns. In other words, there are
preferred directions of no single photon emission imposed by
the excitation field. The superbunching effect results from a
nonzero phase shift ψ12 and thus from the creation of minima
of G(1)(~R, t) which is a proof that the single photon emis-
sion is significantly suppressed. With the parameter values of
Fig. 2(a), r12 = λ/4 and the weak laser excitation turned on to
the left-side atom driven with the Rabi frequency Ω = 0.02γ,
Re[〈S+1 S−2 〉] ≈ −0.000134 and Im[〈S+1 S−2 〉] = −0.000297,
so that ψ12 ≈ −0.64pi. When the excitation is turned on the
right-sided atom, the case illustrated in Fig. 2(b), Im[〈S+1 S−2 〉]
reverses sign and thus ψ12 turns out to be 0.64pi.
One might argue that a larger number of correlation peaks
could be witnessed in the angular distribution of two-photon
correlated emission probability pattern when the two atoms
are well-separated, that is, when r12 > λ/2. However, for
r12 > λ/2, the degree of the first-order coherence υ12 is con-
siderably reduced so that there is no significant reduction of
G(1)(~R) present and no subsequent superbunching is possible.
Figure 3 illustrates the variation of υ12 with r12/λ. It is appar-
ent that υ12 ≈ 1 for atomic separations 1/4 < r12/λ < 1/2.
Thus, in the case of a bi-atomic chain with the laser excitation
driving only one of the atoms in the chain, an almost perfect
coherence between the atomic dipole moments is possible to
be achieved for inter atomic spacings r12 ≤ λ/2.
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FIG. 3. Variation of the degree of the first-order coherence υ12 with
the scaled inter atomic separation r12/λ for the case of the left-side
atom driven by a laser field of Rabi frequency Ω = 0.02γ.
B. Atomic chain composed of three atoms
When the chain is composed of three atoms, both the first
and second-order correlation functions depend on the direc-
tion of detection such that there is an interference pattern not
only in the first-order but also in the second-order sense.
In the case of three atoms the angular distribution of the
first-order correlation function is of the form
G(1)(~R)
u(Rˆ)
= (I1 + I2)
[
1
2
+ υ12 cos (k r12 cos θ − ψ12)
]
+ (I2 + I3)
[
1
2
+ υ23 cos (k r23 cos θ − ψ23)
]
+ (I3 + I1)
[
1
2
+ υ31 cos (k r31 cos θ − ψ31)
]
,
(26)
where Ii = 〈S+i S−i 〉, υij is the first-order coherence between
atoms i and j, and ψij = arg(〈S+i S−j 〉). The correlation func-
tion is composed of three terms resulting from the three pos-
sible pairs of atoms forming the three-atom chain.
The angular distribution of the second-order correlation
function has the form
G(2)(~R, ~R)
4u2(Rˆ)
= G1212 +G2323 +G3131
+ 2|G1312| cos (k r12 cos θ − φ12)
+ 2|G2313| cos (k r23 cos θ − φ23)
+ 2|G3221| cos (k r31 cos θ − φ31) , (27)
where Gijkl = |〈S+i S+j S−k S−l 〉| and φil = arg(Gijkl).
In writing the above expression we have used the fact that
G1213 = G
∗
1312, G2312 = G
∗
1223, and G1323 = G
∗
2313.
If we introduce the abbreviations
G1 ≡ G1212, G2 ≡ G2323, G3 ≡ G3131,
σ12 =
2|G1312|
G1 +G2
, σ23 =
2|G2313|
G2 +G3
, σ31 =
2|G3221|
G3 +G1
, (28)
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FIG. 4. Angular distribution of G(2)(~R, ~R)/[u(Rˆ)]2 (solid black
line) and G(1)(~R)/u(Rˆ) (dashed blue line) for r12 = r23 = λ/4
plotted against detection angle θ. Different Rabi frequencies of the
laser field drive the left-sided atom, (a) Ω = 0.02γ, (b) Ω = 0.2γ,
(c) Ω = γ, and (d) Ω = 10γ. Also shown is the normalized second-
order correlation function g(2)(~R, ~R) (dashed-dotted red line). The
curves in (a) and (b) have been scaled with constant factors.
then we can write the second-order correlation function di-
vided by the prefactor, Eq. (27), as
G(2)(~R, ~R)
4u2(Rˆ)
= (G1 +G2)
[
1
2
+ σ12 cos (k r12 cos θ − φ12)
]
+ (G2 +G3)
[
1
2
+ σ23 cos (k r23 cos θ − φ23)
]
+ (G3 +G1)
[
1
2
+ σ31 cos (k r31 cos θ − φ31)
]
.
(29)
Note that σij do not represent the correlation coefficients in
the same sense as the first-order coherence υij . They represent
some kind of correlations but do not necessarily obey σij ≤ 1.
It is interesting that G(1)(~R), Eq. (26), and G(2)(~R, ~R),
Eq. (29), are so analogous in appearance. This fact hints that
the angular distribution of G(2)(~R, ~R) is expected to be simi-
lar in form to that of G(1)(~R), except that the magnitudes and
the directions of maxima and minima might be different.
The angular distributions of the correlation functions are
shown in Fig. 4, where we plot G(2)(~R, ~R)/[u(Rˆ)]2 and
G(1)(~R)/u(Rˆ) for several different values of the Rabi fre-
quency of the laser field driving the left-sided atom of the
chain. It is clearly seen that the angular distributions of the
correlations are similar in form. Both the first and second-
order correlations are maximal in the direction θ = pi, the
backward direction relative to the direction of the chain. How-
ever, in these directions G(1)(~R) is larger than G(2)(~R, ~R) in-
dicating antibunching of the emitted photons. Correlated pairs
of photons with G(2)(~R, ~R) comparable and even larger that
G(1)(~R) are emitted in directions located on that side of the
pattern where the undriven atoms are located.
In Fig. 5 we show polar diagrams of the g(2)(~R, ~R) function
for a chain composed of three atoms with r12 = r23 = λ/4
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FIG. 5. Angular distribution of g(2)(~R, ~R) for a chain composed
of three atoms with r12 = r23 = λ/4 and for different excitation
configurations, (a) left-sided atom, (b) middle atom, and (c) right-
sided atom driven by a laser field of the Rabi frequency Ω = 0.02γ.
and for different laser excitation configurations. It is seen that
the direction and the number of correlation (superbunching)
peaks depend on the driving field configuration. When one of
the side atoms is driven, Fig. 5(a) and (c), the pattern exhibits
two pronounced peaks spatially concentrated in that half of the
detection plane where the undriven atoms are located. Com-
paring the results for the chain composed of three atoms with
those for two atoms, Fig. 2, we see that the magnitude of the
correlation peaks increases and the peaks become narrower
when the number of atoms in the chain is increased. Thus, a
longer chain not only generates a stronger superbunched light
but also leads to a better location of the strongly correlated
pairs of photons. When the middle atom is driven, the pattern
is composed of four pronounced peaks. It is easy to under-
stand why four instead of two peaks appear in the pattern.
When the middle atom is driven the total system is equivalent
to the case of two atomic sub-chains each composed of two
atoms. In the sub-chain composed of atoms 1 and 2, the right-
sided atoms is driven whereas in the sub-chain composed of
atoms 2 and 3 the left-sided atom is driven. Each sub-chain
produces two correlation peaks located in opposite half of the
pattern.
It follows from Fig. 4(a), which corresponds to the same
situation as shown in Fig. 5(a), that at the directions of the
superbunched peaks G(1)(~R) reaches its optimal minimum.
Figure 6 shows the angular distributions of the three terms
composing of G(1)(~R) plotted for the same parameters as in
Fig. 5(a). It is clearly seen that superbunching occurs in the
directions in which the probability of the emission of single
photons is nearly zero.
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FIG. 6. Comparison of the angular distributions of the correlation
function G(1)(~R)/u(Rˆ) (solid blue line) with that of g(2)(~R, ~R)
(dashed red line) plotted using logarithmic scale against the detec-
tion angle θ. The parameters are same as in Fig. 5(a).
C. Atomic chains composed of N > 3 atoms
Finally, our analysis is supplemented by the inclusion of
the cases where the atomic chains contain more than three
atoms. In Fig. 7, we show polar diagrams of the normalized
intensity correlation function with N = 4 and N = 5 atoms
for rij = λ/4, respectively. One can immediately notice the
raise in the magnitude of the peaks indicating super bunch-
ing of the scattered photons compared to the two and three
atoms cases. However, it becomes important here to notice
that the increased magnitude has to be compared separately
for even and odd values of N . That is to say, Fig. 7(a) should
be compared with Fig. 2(a) and Fig. 7(b) should be contrasted
against Fig. 5(a). Moreover, another prompt observation by
the comparison of these figures is that the directions of emis-
sion of strongly correlated pairs of photons turn toward the
inter atomic axis. This turning of super bunching peaks is
more drastic when the total number of atoms in the chain is
even than when it is odd, i.e., in Fig. 7(a), for four atoms com-
prising the atomic chain, the two peaks merge and appear as
one single peak, and lie already parallel to θ = 0◦ or to the
line of atoms.
Hence, one can assert that the effect of increasing the num-
ber of atoms in the chain is to reinforce the superbunching of
the emitted photon pairs and the corresponding directions tend
to bend toward the atomic chain. This happens more rapidly
if N is an even number.
V. COMMENTS ON THE MEANING OF
SUPERBUNCHING
The term superbunching is used in general for
g(2)(~R, ~R)  1 and is interpreted as a signature of
strong photon-photon correlations. The considerations of
Sec. IV show that the question of whether superbunching
means strong photon-photon correlations may be irrelevant
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FIG. 7. Angular distribution of g(2)(~R, ~R) for a chain composed of
(a) N = 4, (b) N = 5 equidistant atoms with rij = λ/4. Left-sided
atom driven by a laser field of the Rabi frequency Ω = 0.02γ..
to the problem of obtaining large values of g(2)(~R, ~R) at
directions where single photons are not emitted. Let us
illustrate this point more clearly.
In Fig. 8 we show the angular distribution of the cor-
relation functions [G(1)(~R)]2, G(2)(~R, ~R), and g(2)(~R, ~R)
for the case of three atoms separated by r12 = r23 =
λ/4. It is seen that at the angles where superbunch-
ing occurs G(1)(~R) reaches its optimal minimum and also
G(2)(~R, ~R) is significantly reduced, close to its optimal mini-
mum. Thus, at the angles where the maximum superbunch-
ing occurs, i.e., 71◦ and 289◦ in this case, G(2)(~R, ~R) is
pretty small. G(2)(~R, ~R)/(u(Rˆ))2 ∼ 3.5 ∗ 10−8. Simul-
taneously, [G(1)(~R)/u(Rˆ)]2 ∼ 1.7 ∗ 10−11, so that the ra-
tio G(2)(~R, ~R)/[G(1)(~R)]2 is very large. This shows that
g(2)(~R, ~R) varies much more vigoroulsy with [G(1)(~R)]2 than
withG(2)(~R, ~R). Thus, g(2)(~R, ~R) could be regarded as a bet-
ter measure of [G(1)(~R)]2 rather than G(2)(~R, ~R). In other
words, g(2)(~R, ~R) provides much more information about
[G(1)(~R)]2 than about G(2)(~R, ~R).
One can also see from Fig. 8 that at the angles θ at which
g(2)(~R, ~R) is maximal, the difference between G(2)(~R, ~R)
and [G(1)(~R)]2 is also maximal. Therefore, instead of
g(2)(~R, ~R), we may consider a correlation measure defined
in [46]
C(2)(~R, ~R)(u(Rˆ))2 = G(2)(~R, ~R)−
[
G(1)(~R)
]2
=
{
g(2)(~R, ~R)− 1
}[
G(1)(~R)
]2
.
(30)
The correlation function C(2)(~R, ~R)(u(Rˆ))2 is less sensi-
tive to single-photon emissions than g(2)(~R, ~R) and provides
a clearer measure of G(2)(~R, ~R), the probability of the si-
multaneous emission of two photons. Positive values of
C(2)(~R, ~R)(u(Rˆ))2 indicate that simultaneous emission of
two photons dominates over the single photon emissions,
C(2)(~R, ~R)(u(Rˆ))2 = 0 corresponds to a coherent emission
andC(2)(~R, ~R)(u(Rˆ))2 < 0 indicates emission of single pho-
tons, with the minimum negative value C(2)(~R, ~R)(u(Rˆ))2 =
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FIG. 8. Angular distributions of G(2)(~R, ~R)/(u(Rˆ))2 (solid black
line), [G(1)(Rˆ)/u(Rˆ)]2 (dashed blue line) and g(2)(~R, ~R) ∗ 10−9
(dashed-dotted red line) for a chain composed of three atoms sep-
arated by r12 = r23 = λ/4 plotted against the detection angle
θ. The left-sided atom is driven by a laser field of the Rabi fre-
quency Ω = 0.02γ. Also shown is a function C(2)(~R, ~R) =
G(2)(~R, ~R)/(u(Rˆ))2 − [G(1)(~R)/u(Rˆ)]2 (solid green line).
−G(1)(~R)G(1)(~R) corresponding to the emission of a single
photon. It is evident from Fig. 8 that C(2)(~R, ~R)(u(Rˆ))2 is
less responsive to [G(1)(~R)]2 than g(2)(~R, ~R) and provides
information about values of G(2)(~R, ~R) even if G(1)(~R) = 0.
Following the above analysis, we may conclude that su-
perbunching as determined by g(2)(~R, ~R)  1, implies that
the probability of the emission of two single photons is much
smaller rather than the preconceived notion of strong photon-
photon correlations or alternatively, the probability of the syn-
chronized emission of two photons at the same time.
VI. SUMMARY
In this paper we have studied the correlation characteristics
of the fluorescence field emitted from a linear chain of iden-
tical two-level atoms. It has been assumed that only one of
the atoms of the chain is selectively driven by a coherent laser
field. The atoms interact with each other through the dipole-
dipole interaction and the collective spontaneous emission re-
sulting from the coupling of the atoms to a common vacuum
field. In such a system the interference pattern of the radiation
field and the correlations between the atoms depend not only
on the physical geometry of the system (distance between the
atoms) but also on the arrangement of driven atom. We have
found that the effect of selective driving of only a single atom
results in a shift of the phase difference between neighbor-
ing atoms. The shift leads to a destructive interference of the
emitted radiation that significantly reduces the probability of
emission of single photons. The immediate effect of the re-
duced single photon emission is to produce pronounced peaks
in the angular distribution of the normalized second-order cor-
relation function. The maximum value of these peaks can
be made huge, values of the order of hundreds or thousands,
which is termed as superbunching. When one of the side-most
atom is driven by the laser and the separation between atoms is
kept less than or equal to half of the resonant atomic transition
wavelength, the normalized second-order correlation function
exhibits single or two superbunched peaks. When the driv-
ing field is turned on to the other side-most atom, the direc-
tions of the superbunched peaks flips by pi radians. Switching
the driving field on to the middle atom of the chain results
in two or four superbunched peaks in the angular distribution
of the normalized second-order correlation function. The ef-
fect of increasing the number of emitters in the chain is to
produce more prominent superbunched peaks which tend to
turn toward the atomic line. The meaning of superbunching
has also been discussed and we have argued that the normal-
ized second-order correlation function, which is regarded as a
measure of photon-photon correlations, provides much more
information about single photon emission than about simulta-
neous two-photon emission.
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